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Introduction
Let E be an elliptic curve over Q with complex multiplication by the ring of integers O K of an imaginary quadratic field K. Let p be an odd prime number such that E has good ordinary reduction at p. Then p splits completely in K with pO K = ππ, where π is a prime element of K. Let K 1 be the Galois extension generated by the π-torsion points on E and K ∞ the Z p -extension of K 1 generated by the π-power torsion points on E. Then Greenberg ([5] , p. 365) shows that K ∞ has λ-invariant greater than or equal to r − 1, where r is the O K -rank of Q-rational points E(Q).
There are at least two possible natural directions in the generalizations of the results of Greenberg. The first generalization is on the higher dimensional CM abelian varieties, which is obtained by Fukuda-Komatsu-Yamagata [6] . The second generalization is on non-CM elliptic curves, which is the aim of this paper.
Let p be an odd prime number. Let E be an elliptic curve over Q with conductor p. We denote the minimal discriminant of E by ∆. This condition forces us that p ≥ 11, p = 13 (cf. [4] ), and that ∆ divides p 5 (cf. [9] ). For each non-negative integer n, we denote the p n -torsion subgroup of E by E[p n ]. We also denote the field generated by the points on E[p n ] over Q by K n . The Mordell-Weil Theorem asserts that E(Q) is a finitely generated abelian group. Thus there exists a free abelian subgroup A of E(Q) of finite rank such that A + E(Q) tors = E(Q). We denote the rank of A by r. We put
E is the multiplication-by-p n map on E. We denote the generators of A by P 1 , . . . , P r . For each j ∈ {1, . . . , r} we take a point
Then we have L n = K n (T 1 , . . . , T r ). We have an injective homomorphism
In particular, the extension degree [L n : K n ] is equal to a power of p. We denote the maximal unramified abelian extension of K n by K ur n . We define the exponent κ n by
Then we have the following theorem.
Theorem 1.1. Let E be an elliptic curve with prime conductor p. Then the inequality
holds for each n ≥ 1.
The organization of this paper is as follows. In §2, we briefly recall Bashmakov's result [1] from Lang [8] and we investigate the degree [L n : K n ] of the extension L n over K n . In §3, we investigate the degree of the p-adic completion of L n over the one of K n , which is used for the estimate of the inertia group in §. 4. We give the proof of Theorem 1.1 in §4, and we give a numerical example of κ n . In §5, we note the our result does not come from class number formula for the cyclotomic Z p -extension of K 1 .
2. The extension L n over K n
In this section, we collect some results of Bashmakov [1] from Lang [8] . We add some detail to the proof of Lemma 1 of [8, p. 117] , which is one of the key lemmas.
Let the notations be the same as §1. Since E is an elliptic curve with prime conductor p, E is semistable and p ≥ 11. Since 2 is the minimal good prime of E and p > (
where T p (E) is the p-adic Tate module.
We put
where
is the maximal integer less than or equal to
and we have
Since p = 2 and n ≥ 1, thus the formal power series (2) converges in H n . This implies H 2n ⊂ H p n n and we have the assertion.
For the completion of the proof of Chapter V, Lemma 1 of [8, p. 117], we have to check the following Lemma which is not mentioned there.
It follows from Gal(
is of exponent p and thus we have
Since the kernel of the surjective homomorphism
Via this isomorphism, the action of Gal(
where M 2 (Z/pZ) diag means the submodule of diagonal matrices and M 2 (Z/pZ) tr=0 means the submodule of matrices with trace zero.
, the dimension of its irreducible component is 0 or 2. Thus we have Gal(N/K 1 ) = 1 giving N = K 1 . This completes the proof. 
is an isomorphism, then the homomorphism
is an isomorphism, and for each n,
The vertical arrows are projections and they are surjective.
r is surjective, we see that the top arrow Φ ∞ is an isomorphism (For more detail the reader refers Chap. V, Lemma 2 of [8] ).
For a given n, we have a commutative diagram
Since the vertical projections and the top arrow Φ ∞ are surjective, the bottom arrow is surjective. Since the bottom arrow is the restriction of Φ n to Gal(L n /L n ∩ K ∞ ), it is injective and thus an isomorphism. We have
Hence we have L n ∩ K ∞ = K n and Φ n is an isomorphism.
By using Lemma 2.3 and Proof. For P in A, we define the mapping
Conversely, let us show that ker {P → δ P } = [p] E (A). Suppose δ P is trivial. Then T is in E(K 1 ) and
Since Gal(K 1 /Q) ≃ GL 2 (Z/pZ), there are no non-trivial p-torsion points in E(Q). Since A is a torsion-free module such that E(Q) = A + E(Q) tors , any point that is in [p] E (A) and also in E(Q) also belongs to A to start with. Thus T − T ′ is in A and P is in [p] E (A). Hence the mapping
is injective. On the one hand, consider the fundamental short exact sequence
. By the assump-
Then the composite of ι and δ ′ is nothing but δ. Therefore the image of δ lies in
We note
r and it is Gal(K 1 /Q)-isomorphic to a direct sum of copies of E[p]. By (4) the number of elements in this sum must be r. Thus Φ 1 is surjective. By Lemma 2.3 we have the assertion.
We recall that we take A such that A + E(Q) tors = E(Q) in §. 1. We have the following corollary from Theorem 2.4.
2nr holds for all n ≥ 1.
3. The localization of the extension L n over K n Fix a natural number n. Put K n := Q p (E[p n ]) and let p be the prime ideal of K n . Let A be a free abelian subgroup of E(K n ) of rank r ≥ 1. Put
E A) and let P be the prime ideal of L n . In this section we investigate the degree [L n : K n ]. We denote the generators of A by P 1 , . . . , P r . For each j ∈ {1, . . . , r} we take
P j , T j via Tate curve
In this subsection we refer the reader to [13, Ch. V, §. 3] for properties on Tate curves.
Since E over Q p has multiplicative reduction at p, there exists q in pZ p such that E is isomorphic over M to the Tate curve E q for some extension M over Q p of degree at most two. We see that [M : Q p ] = 1 or 2 according as the type of the multiplicative reduction is split or non-split. We denote the isomorphism from E to E q by ϕ. We note that there exists a surjective
For the aim of this section it is enough to investigate the degree [L n M :
Since ϕ is an isomorphism over M, we have
Since φ is a Gal(Q p /Q p )-homomorphism, we have
Thus we have
Furthermore we have
Thus we have t
Thus we have [L n M :
Lemma 3.1. Assume that E has multiplicative reduction at p. Then, the equa-
In this subsection we assume that A ⊂ E(Q p ) and we modify Lemma 3.1. At first we consider the case of split multiplicative reduction. Then we have p j ∈ Q * p and M = Q p .
Lemma 3.2. Assume that E has split multiplicative reduction at p and
for any parity of ord p (q). We see that
Qp ) is the principal congruence subgroup modulo p. It follows from (5) that
Therefore we have
, we have the following lemma.
Lemma 3.3.
Assume that E has non-split multiplicative reduction at p, and
Since ord p (q) = ord p (∆), the assumption p ∤ ord p (q) is equivalent to p ∤ ord p (∆). If the conductor of E is a prime p, then p ≥ 11 and ∆ divides p 5 . Thus the assumption p ∤ ord p (q) is satisfied for elliptic curves with prime conductor p.
Proof of Theorem 1.1
Let notations and assumptions be the same as in Theorem 1.1. As we see in the end of the previous section, we have p ∤ ord p (q). By using Lemmas 3.2 and 3.3, Corollary 2.5, we estimate the degree [L n ∩ K ur n : K n ]. Let p be a prime ideal of K n lying above p and let P be a prime ideal of L n lying above p. Let I P be the inertia group of P in Gal(L n /K n ). Since L n /K n is abelian, I P is independent of a choice of P lying above p. We put I := σI P σ −1 | σ ∈ Gal(L n /Q) .
The group σI P σ −1 is the inertia group of σ P lying above σ p. Since L n /K n is abelian, I = σI P σ −1 | σ ∈ Gal(K n /Q) .
Since Gal(L n /K n ) is a normal subgroup of Gal(L n /Q), I is contained in Gal(L n /K n ) and its fixed field L Lemma 5.2. L n ∩ Q(ζ p n ) ur K n = K n holds for each positive integer n.
Proof. By Lemma 5.1, we have Gal(Q(ζ p n ) ur K n /Q(ζ p n )) ≃ Gal(K n /Q(ζ p n )) × Gal(Q(ζ p n ) ur /Q(ζ p n )).
Recall that Gal(K n /Q) acts on Gal(L n /K n ) by the usual manner, since Gal(L n /K n ) is abelian. Thus the action of Gal(K n /Q(ζ p n )) on Gal(L n ∩Q(ζ p n ) ur /K n ) induced by (8) is trivial. Then for each σ in Gal(L n ∩Q(ζ p n ) ur K n /K n ), the point σ T j − T j ∈ E[p n ] is a Gal(K n /Q(ζ p n ))-fixed point. Since Gal(K n /Q(ζ p n )) ≃ SL 2 (Z/p n Z) contains −1 and p is an odd prime number, the point σ T j − T j is never fixed by Gal(K n /Q(ζ p n )) if σ = 1, hence we have Gal(L n ∩Q(ζ p n ) ur K n /K n ) = 1.
By Lemma 5.2, the contribution of the class number that is shown in Theorem 1.1 does not come from the class number of Q(ζ p n ).
